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1 Finite Fields and Cyclotomic Fields

1.1 Finite fields

Proposition 1.1. Let F' be a field and n > 1. Let p,(F) be the n-th roots of unity in F'.
Then py,(F) is cyclic of order dividing n.

Proof. Let m be the exponent of p,(F). Then 2™ —1 = 0 for all z € p,(F). So |pn(F)| <
m. Then |u,(F)| = m. O

Lemma 1.1. Let F' be a finite field. Then |F| is a power of char(F).
Proof. Let p = char(F). Then F is a vector space over F,. Then |F| = plfFsl, O

Corollary 1.1. If |F| = p", then F* is cyclic with F* = ppn_1(F).
Corollary 1.2. (Z/pZ)* = 7Z/(p — 1)Z.
Lemma 1.2. Let char(F) =p and o, €. Then (o + B)pk =ao? + Bpk.

Proof. This follows from the Binomial theorem. O

Theorem 1.1. Let n > 1. Then there exists a unique extension Fpn of IF,, of degree n up
to isomorphism. If E/IF, is a finite extension of degree a multiple of n, then E contains a
unique subfield isomorphic to Fyn. Moreover, Fpn CFJ' < n | m.

Proof. Let Fpn be the splitting field of 27" — z over F,. Let F = {a € FpnLa?" = a}.
Note that F' is closed under addition by the lemma and is closed under multiplication and
taking inverses of nonzero elements. So F'is a field. In fact, F' is a splitting field of the
polynomial, so F' = Fyn.

We know that |Fpn| < p™ because the polynomial 2P" — x has at most p" roots; we
want equality. Let a € F,. Consider the polynomial g(z) = (#P" — 2)/(z — a). Then

g(x) = fil_l a'~1zP" = Then
p—1
gl@) =Y a" ' =(p" —1)a" = (0-1)1=-1#£0.
=1



So xP" — x has p" distinct roots, giving us [Fpn : Fp] = n.
Let E have degree m, where n | m. Then E = Fym, so EX = pym_1(E). Since
ppn—1(E) € ppm_1(E), we have F' C E with F = Fpn. O

Example 1.1. [Fg : F3] = 2. We can compute that 22 + 1, 22 + x — 1, and 22 — x — 1 are
the quadratic irreducible polynomials over Fs. Fg is the splitting field of each. We get

2~ =@+ 1)z — 1) (2 -z — Dz + 1) (z—1).

Proposition 1.2. Let g be a power of p. Let m > 1, and let (,,, be a primitive m-th root
of unity in an extension of Fq. Then [Fq((n) : Fy| equals the order of q in (Z/mZ)*.

Proof.
= [Fg(Cm) : Fy] <= Fy(Gn) =F,

— m|¢ —1landmtg ' forallj<?
<= ¢ has order ¢ in (Z/mZ)*. O

'3

Proposition 1.3. Let m > 1 and m = pi' - -pZ’“, where the p; are distinct primes. THen
(Z/mZ)* = (Z/p*L)* % --- X (Z/pF L)%, and

Z)p" YL xZ)(p—1)Z dd
(Z/prz)x o~ /p X /(p ) p o

7.)2" 27 x 7./27Z p=2,1>2.
Proof. The map (Z/p"Z)* — (Z/pZ)* has kernel

14+ pZ
C(Z/p"7)*.
1—|—pTZ_< /P"Z)

If p is odd,
L+ PP =14 4 4 (M)
Then kp > k+1 <= k(p—1) >1 <= k > 2o0rp > 3. Soif pisodd, then
(1 +p*)P = 1+ pF*! (mod p)**2. This argument gives us that 1 + p has order p"~! in
(Z/p"Z)*.
For p = 2, look at

1447

14+ 27"
Then (1 + 4)? >~ 1 + 22 (mod 2)"*3. So 1+ 4 has order 2"~2. This gives us that
Z)2°7 = (1) + (1 +4Z) /(1 + 2'Z) = 7/27 x Z/2"*L. B



1.2 Cyclotomic fields and polynomials

Let ¢, be a primitive n-th root of 1 in an extension of Q (e.g. ¢, = omi/n ¢ C) such that

ﬁ/ngm for all m | n.

Definition 1.1. Q({,) is the n-th cyclotomic field over Q.
Remark 1.1. Q(¢,) = Q(pn), where puy, is the set of n-th roots of unity in C.

Definition 1.2. The n-th cyclotomic polynomial ®,, is the unique monic polynomial
in Q[z] with roots the primitive n-th roots of 1.

Note that .
P, = H (=),
=1
(i,n)=1
"t —1= H (I)d.
dn
da>1

So ®,, € Q[z] by induction. The degree of ®,, is p(n) = {1 <i<n:(i,n) =1}
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